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Design and Analysis of N of 1 Trials

Stephen Senn
Consultant Statistician, Edinburgh

Lecture 4

(C)Stephen Senn 2022-2023

This lecture is in two parts

• In part 1 I shall consider approaches to modelling binary outcomes
• In part 2 I shall look at some matters to do with planning

(C)Stephen Senn 2022-2023 2

1

2



02/05/2023

2

1. Binary outcomes
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Three kinds of binary outcomes
1. The outcome that is measured on a given occasion is itself binary
2. The original outcome is continuous and is dichotomised
3. The original outcomes on occasions within a cycle have been reduced to 

a preference by noting which of the two treatments A or B gave the 
better ‘response’

Note. If the original outcomes are continuous, then preference is a binary 
measure. In other circumstances you can have a tie and one form of analysis 
is to condition on a preference having been expressed

I am only going to look at the third and then the first of these here. The 
second will not be covered.
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Further notes

• It was assumed in the previous slide that where a preference was 
expressed it was expressed for each cycle

• You could, of course, have a total preference per patient
• The former is analogous to the analysis of differences within cycles that we 

considered for continuous data
• Matched pairs t
• Mixed model

• The latter is analogous to the summary measures approach
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An example
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Patient Y n p Preference
1 0 3 0.000 Placebo
2 1 3 0.333 Placebo
5 1 3 0.333 Placebo
7 1 3 0.333 Placebo
8 1 3 0.333 Placebo
9 1 3 0.333 Placebo
10 1 3 0.333 Placebo
12 4 6 0.667 Amitriptaline
3 2 3 0.667 Amitriptaline
4 2 3 0.667 Amitriptaline
6 2 3 0.667 Amitriptaline
13 2 3 0.667 Amitriptaline
15 2 3 0.667 Amitriptaline
11 3 4 0.750 Amitriptaline
16 3 4 0.750 Amitriptaline
17 3 4 0.750 Amitriptaline
18 3 3 1.000 Amitriptaline
20 3 3 1.000 Amitriptaline
21 3 3 1.000 Amitriptaline
22 3 3 1.000 Amitriptaline
23 3 3 1.000 Amitriptaline
19 4 4 1.000 Amitriptaline
14 4 4 1.000 Amitriptaline

7

8



02/05/2023

5

(C)Stephen Senn 2022-2023 9

One-sample binomial test

Summary

Sample Size Successes Proportion
77 52 0.675

Test of null hypothesis that proportion is equal to 0.5000 

Exact probability = 0.003

95% confidence interval for proportion: (0.5590, 0.7777)

Summary

Cycles

number of cycles number of preferences for amitriptyline
77 52
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One-sample binomial test

Summary

Sample Size Successes Proportion
23 16 0.696

Test of null hypothesis that proportion is equal to 0.5000 

Exact probability = 0.093

95% confidence interval for proportion: (0.4708, 0.8679)

9

10



02/05/2023

6

Can we do better?

• These tests are very limited
• The first makes a strong assumption of independence that might be 

reasonable for a limited purpose of testing a strict null hypothesis
• The second throws away much information

• Neither of them enables us to say anything about personal response
• To do that we need a mixed model
• One approach is a logit binomial mixture
• We now illustrate this
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A Random Effects Model for Preferences

   11 , 0,1.irir
yy

ir ir ir ir irP Y y y     

 log 1ir ir ir     

ir i  

Here Yir is  a binary outcome indicating a preference for A (if = 0) or for B (if =1)

i is an indicator for the patient and r for the within-patient cycle

This model is an implementation of the common binomial-logit mixture. See, for example, Ezzet & Whitehead 
(1992)

 2~ 0,i N 
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Analysis with proc nlmixed® of SAS®
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proc nlmixed data=Jaeschke;
parms Tau=0 psi=0 pmean=0.5;
pred=Tau + u;
p=exp(pred)/(1+exp(pred));
s2u=exp(psi);
model Y~binomial(n,p);
random u~normal(0,s2u) subject=patient;
pmean=exp(Tau)/(1+exp(Tau));
predict p out=predicted;
run;

data Jaeschke;
input patient Y n ;
proportion=Y/n;
datalines;

1 0 3
2 1 3
3 2 3

etc

Here  from our previous 
model is represented by 
pred and  is represented 
by p
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Parameter Estimates

Gradient95% Confidence 
Limits

Pr > |t|t ValueDFStandard
Error

EstimateParameter

-0.000011.37140.17020.01432.66220.28960.7708Tau

5.752E-73.6203-6.02230.6106-0.52222.3248-1.2010psi

0Infty-Infty<.0001Infty2200.6837pmean
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NB points 
have been 
jittered
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A similar analysis using the HGLM 
system of Lee and Nelder as 
implemented in GenStat®

Estimates from the mean model

estimate s.e. t(22)
constant 0.7295 0.2682 2.720

Estimates from the dispersion model

Estimates of parameters

antilog of
Parameter estimate s.e. t(*) estimate
lambda Patient -1.304 0.745 -1.75 0.2714
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Random effects for binary outcomes

• I am going to use a very strange example for these
• Cross-over trials in infertility!
• Here treatment for couples will be in cycles but as soon as pregnancy 

is achieved the trial finishes
• Such designs are controversial but although I was originally sceptical 

about them, I now believe they are reasonable
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Two Views

CON
• The effect of treatment is not 

reversible
• There will be missing data
• This indication is inherently 

unsuitable for cross-over trials

PRO
• What we have is a parallel group 

trial with some extra data
• How can more data be worse 

than fewer?
• There must be a way of 

analysing this
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An Example

• Cohlen et al 1998
• 74 couples treated for male infertility
• Treatments 

• inter uterine insemination (IUI) alone
• N for natural

• IUI plus ovarian hyperstimulation
• S for stimulated

• Treatment in up to six cycles
• Total of 320 cycles
• Mean of 4.3 per couple

See Makubate B, Senn S. Planning and 
analysis of cross-over trials in infertility. Stat 
Med. 2010;29(30):3203-10

for a discussion
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A Random Effects Model
(Ezzet and Whitehead,1992 )

   11 , 0,1.
ijkijk
yy

ijk ijk ijk ijk ijkP Y y y 


   

 log 1ijk ijk ijk     

 ,ijk ik j i j       

This model has been analysed using maximum likelihood implemented in 
SAS and R. However, it has also been used to simulate results when 
analysed using the MH approach.

 2~ 0,N 
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Cohlen et al results
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Another Example

• Gregoriou et al 1996
• Male infertility

• Compared intrauterine insemination (IUI) or timed intercourse (TI) in 
gonadotrophin stimulated cycles in couples with poor sperm quality

• 62 couples divided at random into two equal groups either IUI or TI 
for three cycles

• If failed to achieve pregnancy switched to the other treatment

(C)Stephen Senn 2022-2023 23
23
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What do we observe?

Consider an AB/BA cross-over

We code the outcome as 0 for no pregnancy and 1 for pregnancy

We will then observe in each of the two sequences AB and BA the frequency of 
00, 01 and 1

Note that 1 represents a marginal collapse of the possible sequence of results 10 
and 11. The occurrence of 1 in the first period suppresses the result in the 
second.
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Data from Gregoriou et al

Number of 
couples

Period 2Period 1Sequence

2000TI/IUI

710

41

31

2200IUI/TI

110

81

31
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Data from Gregoriou et al
Step 1 Use period 1 data only

Number of 
couples

Period 2Period 1Sequence

2000TI/IUI

710

41

31

2200IUI/TI

110

81

31
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Data from Gregoriou et al
Step 2 use data from period 2

Number of 
couples

Period 2Period 1Sequence

2000TI/IUI

710

41

31

2200IUI/TI

110

81

31
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A Simple Analysis

• Treat the marginal table using the first period data and conditional 
table using the second period data as two strata

• Because the second table is a conditional table it can be treated as if 
independent of the first

• Apply the Mantel-Haenszel procedure using period as a stratifying 
factor

27

28



02/05/2023

15

(C)Stephen Senn 2022-2023 29

Analysis
Alternative tabulation of data

Pregnancy           NO YES
Period Treatment
Period1 IUI   23 8

TI 27 4
Period2 IUI 20 7

TI 22 1

Mantel-Haenszel test
Test statistic:    4.198 on 1 d.f. (with continuity)
Probability:       0.040
Common odds ratio: 0.2870

95% confidence interval for common odds ratio (0.09550, 0.8625) 
Note: Continuity corrected

log-odds ratio RBG Standard error
1.248 0.5614
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http://www.senns.uk/InfCros/InfCROSInt.html
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2. Planning
Sample size and other issues

(C)Stephen Senn 2022-2023 31

Carry-over

• Just as is the case with cross-over trials, carry-over is potentially a problem 
for n-of-1 trials

• The fact that many cycles may be studied might make modelling of carry-
over more feasible than is the case with cross-over trials

• But one still has to be sceptical about the ability of modelling to deal with 
this problem

• Most carry-over models used are hopelessly unrealistic and assume 
(amongst other things) that carryover from A in to A is the same as from A 
into B 

• I have dealt with this issue extensively in my book Cross-over Trials in 
Clinical Research (1993, 2002)(and elsewhere) and will not go over it here
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Washout

• The key to controlling for carry-over is adequate washout
• Note that if necessary the device can be used of using an ‘active 

washout’ period
• Measurement is restricted to the latter part of the observation period
• By this time it is assumed that 

1. The effect of the previous drug will have been eliminated
2. The effect of the current drug will have reached steady-state

(C)Stephen Senn 2022-2023 33

Time 1

• We have not modelled period effects
• But we have modelled cycle effects

• Note that in general for within-patient design trial period effects may be 
expected to be not well defined

• Patients are not recruited simultaneously
• Thus period 2 for one patient may be before period 1 for another 
• Hence periods from the patient point of view imperfectly reflect temporal 

processes
• They could reflect some secular improvement or deterioration applicable 

to all
• By fitting cycle effects we help to reduce the influence of local trend effects
• This may be preferable

(C)Stephen Senn 2022-2023 34
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Time 2

• However there is another important aspect of time
• Because patients are recruited over time we shall know more about 

patients recruited earlier than those recruited later
• This means that if we want to produce shrunk estimates for patients 

we could do better by revisiting the predictions we made for earlier 
patients once we have more patients

• This represents something of a logistic challenge
• We shall not address this problem here but have raised it as an issue 

that needs to be given thought

(C)Stephen Senn 2022-2023 35

Sample size

• Calculating sample sizes for n-of-1 trials may be complicated because 
for certain purposes more than one component of variation may be 
involved

• This means that if one wished to have exact power calculations there 
would be a distributional issue since a simple t-distribution does not 
apply and the issue as to how to handle the non-centrality parameter 
(s) becomes complex

• In practice asymptotic theory should suffice
• However, wherever an analysis is equivalent to a single summary 

measure, ‘exact’ calculation is feasible
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The basic idea

(C)Stephen Senn 2022-2023 37

The type I and type II error rates we tolerate 
determine what might be called decision 
precision

𝜔 = 𝑍ఈ ଶ⁄ + 𝑍ఉ…..(1)

This is the target non-centrality

The number of patients and the number of 
cycles determine the variance of the statistic 
we wish to estimate. For a clinically relevant 
difference  we have

𝛿 =
∆

√ ௏ ஏమ,ఙమ;௡,௞
…..(2)

This is the non-centrality for the clinically 
relevant difference

We set (2) equal to (1) for given chosen values of Δ, 𝛼, 𝛽 and for given assumed values 
of 𝜓ଶ, 𝜎ଶ and solve for 𝑛, 𝑎𝑛𝑑, 𝑘. 
This does not give a unique solution since varying k will lead to a different n. However, 
practical considerations may dictate choice of k so we can make n a function of all the 
other parameters
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NotesVariance formula
Standard fixed effects meta-analysis variance. Can be used 

for significance based on t-test with 𝑛 𝑘 − 1 DF
2𝜎ଶ

𝑛𝑘

1

This is the variance of the shrinkage estimator for a given 

patient based on multiplying the overall mean by 

𝟐𝝈𝟐

𝒌𝝍𝟐 ା𝟐𝝈𝟐 and the patient’s mean by ௞టమ

௞టమ ାଶఙమ and adding 

the results together

2𝜎ଶ 𝑛𝑘𝜓ଶ + 2𝜎ଶ

𝑛𝑘 𝑘𝜓ଶ + 2𝜎ଶ

2

This is the random effects variance estimator for the 

overall mean
𝜓ଶ + 2𝜎ଶ 𝑘⁄

𝑛

3

This is the variance of the shrinkage estimator for a future 

patient on the assumption that the necessary 

parameters have been well estimated. It is the 

asymptotic version of that for 2 as 𝑛 → ∞

2𝜎ଶ𝜓ଶ

𝑘𝜓ଶ + 2𝜎ଶ

4
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/******************************************************************************/
/* Define data set to hold parameter values                                   */
/******************************************************************************/

data parameters; *data step to hold set parameters;
label PSI='random effect SD'

SIGMA='within cycle SD'
EFFECT='clinically relevant difference'
ALPHA= 'type I error rate'
BETA ='type II error rate'
K_max='maximum number of cycles'
K_min='minimum number of cycles'
C= 'control parameter'
SIDES='sides for test'; 

/*******************************************************************************/
/* Set control parameter C                                                     */
/* C=0 if SIGMA = standard deviation of differences between repeat measures    */
/* C=1 if SIGMA = standard deviation of within-patient within cycle errors     */
/*******************************************************************************/

C=1;

43
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/**********************************************************************************/
/* set parameter values                                                           */
/**********************************************************************************/
EFFECT=1; *clinically relevant difference;
SIGMA=2;  *Meaning depends on value of C. See above;
PSI=1; *SD of random treatment-by-patient interaction;
ALPHA=0.05; *type I error rate;
BETA=0.20; *type II erorr rate;
K_max=7; *maximum number of cycles;
K_min=2; *minimum number of cycles;
SIDES=2; *number of sides for test, 1 = one-sided, 2= two-sided

/**********************************************************************************/
/*derived parameters                                                              */
/**********************************************************************************/

SIGMA2=SIGMA*(sqrt(2))**C; *will multiply sigma by root(2) if C=1 else leave it   
unchanged;

Z1=probit(1-ALPHA/2);
Z2=probit(1-BETA);
output;

run;
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data random;*data step for random effects calculations;
set parameters; *include values from data step parameters;
label DF='degrees of freedom'

NR='number of patients'
T1='critical value'
SIGMA_random='SD of patient contrast'
K= 'number of cycles'
POWERR='power';

do I=K_min to K_max;*loop for number of cycles;
K=I;*current value for number of cycles;
SIGMA_random=SQRT(PSI**2+SIGMA2**2/K); *SD for one patient";
NR=((Z1+Z2)*(SIGMA_random/EFFECT))**2; *approximate sample size;
NR=2*(int(NR/2+1)); *round up to integer value;
DF=NR-1; *degrees of freedom;
T1=tinv(1-ALPHA/SIDES,DF);*critical quantile of the t-distribution;
NONCENT=EFFECT/(SIGMA_random/sqrt(NR));*non-centrality parameter;
POWERR=100*(1-probt(T1,DF,NONCENT));*random effect approach;
do while(POWERR<(100*(1-beta)));*increase sample size until target POWERR is reached;

NR=NR+1; *increase sample size by 1;
DF=NR-1;*degrees of freedom;
T1=tinv(1-ALPHA/SIDES,DF);*critical quantile of the t-distribution;
NONCENT=EFFECT/(SIGMA_random/sqrt(NR)); *calculate non-centrality parameter;
POWERR=100*(1-probt(T1,DF,NONCENT));*random effect approach;

end;
output;   

end;
run;

45

46



02/05/2023

24

(C)Stephen Senn 2022-2023 47

Fixed or random effect?

(C)Stephen Senn 2022-2023 48

The above power calculation is based on the ‘random effect’ estimator, which has variance

𝜓ଶ + 2𝜎ଶ 𝑘⁄

𝑛

The following slide shows the same calculation for the fixed effect approach based on the variance

2𝜎ଶ

𝑛𝑘

NB The calculation is only approximate because the relevant degrees of freedom are 
𝑛 𝑘 − 1 not 𝑛 − 1
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data fixed; *data step for fixed effects calculations;
set parameters; *include values from data step parameters;
label DF='degrees of freedom'

NF='number of patients'
T1='critical value'
SIGMA_fixed='SD of patient contrast'
K= 'number of cycles'
POWERF='Power';

do I=K_min to K_max; *loop for number of cycles;
K=I;*current value for number of cycles;
SIGMA_fixed=SQRT(SIGMA2**2/K); *SD for one patient";
NF=((Z1+Z2)*(SIGMA_fixed/EFFECT))**2; *approximate sample size;
NF=2*(int(NF/2+1)); *round up to integer value;
DF=NF-1; *degrees of freedom;
T1=tinv(1-ALPHA/SIDES,DF); *critical quantile of the t-distribution;
NONCENT=EFFECT/(SIGMA_fixed/sqrt(NF)); *non-centrality parameter;
POWERF=100*(1-probt(T1,DF,NONCENT));*fixed effect approach power using non-central t;
do while(POWERF<(100*(1-beta))); *increase sample size until target POWERF is reached;

NF=NF+1; *increase sample size by 1;
DF=NF-1;*degrees of freedom;
T1=tinv(1-ALPHA/SIDES,DF);*critical quantile of the t-distribution;
NONCENT=EFFECT/(SIGMA_fixed/sqrt(NF)); *calculate non-centrality parameter;
POWERF=100*(1-probt(T1,DF,NONCENT));*fixed effect approach;

end;
output;

end;
run;
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Power calculations for fixed effects case

Cycles Variance Patients Power
1 8.000 65 0.8016
2 4.000 34 0.8078
3 2.667 23 0.8014
4 2.000 18 0.8070
5 1.600 15 0.8123
6 1.333 13 0.8173
7 1.143 12 0.8384

Power calculations for random effects case

Cycles Variance Patients Power
1 9.000 73 0.8023
2 5.000 42 0.8078
3 3.667 31 0.8033
4 3.000 26 0.8076
5 2.600 23 0.8112
6 2.333 21 0.8142
7 2.143 19 0.8039

GenStat® calculation

Number of cycles to study a future patient

(C)Stephen Senn 2022-2023 52

On the assumption that a large number of patients have been studied previously and that parameter 
estimates are available, then the formula for the variance of the optimal estimator for a new patient 
depends on the number of cycles, k only. The variance formula is

2𝜎ଶ𝜓ଶ

𝑘𝜓ଶ + 2𝜎ଶ

This can be compared to the naïve estimate using the information on that patients only. This estimate has 
variance 

2𝜎ଶ

𝑘

The following slide shows the position for values of  the interaction and within cycle variances of

𝜓ଶ = 1, 𝜎ଶ = 4
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𝜓ଶ = 1, 𝜎ଶ = 4

Further issues

• The previous theory is on the assumption that the nuisance 
parameters themselves are reasonably well estimated

• This implies 
• A reasonable number of degrees of freedom for estimating the two variance 

components
• A reasonable number of patients for estimating the overall mean

• Further discussion of these issues is beyond the coverage of this 
course
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That’s it

• The course is over
• Time for your questions
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