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Design and Analysis of N of 1 Trials

Stephen Senn
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What I hope to do in this lecture

• Revisit the different purposes of clinical trials 
• Show how some of these questions are best answered using mixed 

models
• Discuss a particular mixed model that can be used for analysing 

designs randomised in cycles
• Make a link to random effects meta-analysis
• Consider the application of empirical Bayes to producing shrunk 

estimates
• Give some practical advice regarding analysis
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Possible objectives of an analysis

• Is one of the treatments better?
• Significance tests

• What can be said about the average effect in the patients that were 
studied?

• Estimates, confidence intervals

• What can be said about the average effects in future patients?
• What can be said about the effect of a given patient in the trial?
• What can be said about a future patient not in the trial?

(C)Stephen Senn 2022-2023 3

Moving on

• So far we have looked at the first of these two questions
• To paraphrase

• Can we prove the treatment works at all?
• What can we say about how it worked for these patients?

• The population was the population of all possible randomisations that 
is to say 8ଵଶ  = 6.872 × 10ଵ଴ possible allocations

• Now we are going to look at more ambitious questions. 
• In particular

• Can we provide better estimates for individual patients than just the average?
• If patients do vary in their response to treatment, what can we say about the 

effect of treatment in general (not just for these patients)?
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Our horizon changes

• We no longer think purely of the causal questions as to what really 
happened in this trial fixing the patients

• We now think of the patients themselves as being in some sense 
representative of other patients

• Warning! This involves strong assumptions
• Excuse! It’s hard to make progress otherwise
• Warning! Answers should be taken as being part of the story not the whole

story

• We now proceed to consider a model for this
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A model
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NB we can make our focus either                                  The former is the mean 

effect in this set of patients and the latter the mean effect in some hypothetical 
population. Previously we have looked at the former. We now look at the latter. 
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The random terms

• Some of the terms make very little 
difference to the estimates 
produced, whichever approach is 
used

• This is the case for the between 
patient, between cycle and 
between occasion (within patient 
& within cycle) random terms

• However, the random treatment-by 
patient interaction is handled very 
differently

MeaningSymbol

Random main effect for patient i

Random effect for cycle r within 
patient i

Random error term for occasion s 
within cycle r within patient i

Random treatment effect for
patient i
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Expectations and Variances

• If we reduce everything to within-
cycle within-patient differences 
first, the random patient and cycle 
terms are irrelevant

• No information as regards the 
effect of treatment is lost in doing 
this provided that there are no 
incomplete cycles

• This then leaves us with the pure 
error variance and the random 
treatment effect variance as being 
the important ones

VarianceExpectationSymbol

0

0
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Revisiting our previous estimator
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Our previous estimator was of the form 
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This is simply the sum of all the within-cycle differences for treatment B minus treatment A divided by the 
total number of cycles. If we have the same number of cycles, k,  per patient this simplifies to
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Variances of this estimator

As an estimate of the mean treatment 
effect for these patients

As an estimator of the mean treatment 
effect for all patients
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In that case we only need to allow for the random 
occasion within cycle within patient variation and 
this leads a variance of

in the balanced case
2 2
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Now the variance of the estimator includes a 
contribution from the random treatment by 
patient interaction and we get

in the balanced case
2 2 2 2
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Note that for this purpose a) this estimator is 
only optimal in the balanced case or if 
𝜓ଶ = 0 and b) whether or not this is optimal 
the variance for this purpose is only the same 
if 𝜓ଶ = 0
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Let’s just remind ourselves of the example we 
have been working on
• 12 patients treated on two 

occasions in each of 3 cycles
• 36 paired observations with A 

and B
• 72 observations in total
• Outcome is FEV1 in mL
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This is a scatterplot of the data for the original 36 
pairs with the mean of X and mean of Y also shown
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This is the trellis plot of the same 
data. Now the results are grouped 
by patient

Blue dots show the results for a 
given cycle

Red asterisks show the mean 
results for a given patient
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Two simple analyses

Based on 36 pairs (3 per patient) Based on 12 averages (one per patient)
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Moving to mixed models

• The previous approaches were two-stage approaches
• First stage reduce the data to meaningful contrasts

• Mean difference per cycle or
• Mean difference per patient

• Second stage is to analyse the contrasts using a matched-pairs t
• Based on 36 within cycle differences or
• Based on 12 within-patient mean differences

• An alternative is to use a mixed model 
• Provided there are no incomplete cycles the following two approaches are 

equivalent
• A model for the whole data or
• A model for the differences
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R code for approach 1
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> #Mixed models using original data
> #load library lme4
> library(lme4)
> fit4<-lmer(FEV1~Treat.F+Patient.F/Cycle.F+(1|Treat.F:Patient.F))
> summary4<-summary(fit4)
> summary4$coefficients[2,]

Estimate Std. Error    t value 
188.722222  28.383741   6.648955 

R code for approach 2
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>
> #Mixed models using differences
> fit6<-lmer(FEV1diff~(1|Patient.A))
> summary6<-summary(fit6)
> summary6$coefficients[1,] #compare to summary measures and fit4

Estimate Std. Error    t value 
188.72222   28.38372    6.64896 
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R code for approach 3
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> #Summary measures approach
> #Calculate mean differences B-A per patient using the previously calculated
> #differences per cycle
> FEV1.Patient<-tapply(FEV1diff,Patient.A,mean)#note use of tapply function
> #Perform one-sample t-test
> fit5<-t.test(FEV1.Patient)
> fit5 #Compare to mixed model

One Sample t-test

data:  FEV1.Patient
t = 6.649, df = 11, p-value = 3.616e-05
alternative hypothesis: true mean is not equal to 0
95 percent confidence interval:
126.2500 251.1945

sample estimates:
mean of x 
188.7222 

Forest plot of random and fixed effects meta-analysis in 
GenStat®
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Note how all the confidence intervals 
for individual patients are of the same 
width.

This is because a) a pooled variance 
estimate is used b) each patient was 
observed in three cycles
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Analysis using meta package in R
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Study

Fixed effect model
Random effects model
Heterogeneity: I-squared=18.3%, tau-squared=1772, p=0.2638

1
2
3
4
5
6
7
8
9
10
11
12

TE

223.7
 84.7
 60.0

348.0
259.3
 50.0

175.0
153.7
324.3
247.7
214.3
124.0

seTE

88.85
88.85
88.85
88.85
88.85
88.85
88.85
88.85
88.85
88.85
88.85
88.85

-400 -200 0 200 400

188.73
188.72

223.70
 84.70
 60.00

348.00
259.30
 50.00

175.00
153.70
324.30
247.70
214.30
124.00

95%-CI

[ 138.45; 239.00]
[ 133.10; 244.35]

[  49.56; 397.84]
[ -89.44; 258.84]

[-114.14; 234.14]
[ 173.86; 522.14]
[  85.16; 433.44]

[-124.14; 224.14]
[   0.86; 349.14]

[ -20.44; 327.84]
[ 150.16; 498.44]
[  73.56; 421.84]
[  40.16; 388.44]
[ -50.14; 298.14]

W(fixed)

100%
--

8.3%
8.3%
8.3%
8.3%
8.3%
8.3%
8.3%
8.3%
8.3%
8.3%
8.3%
8.3%

W(random)

--
100%

8.3%
8.3%
8.3%
8.3%
8.3%
8.3%
8.3%
8.3%
8.3%
8.3%
8.3%
8.3%

Conclusion

• Several different 
approaches to 
analysis give the 
exactly the same 
estimate and 
standard error of the 
estimate

• The question is why?

ExplanationMethod

Estimates the two components of 
variation and then adds them 
together to calculate variance of 
the treatment estimate

Mixed model approach

Uses the combined effect at the 
patient level of the two variances 
to estimate their total 
contribution correctly without 
having to partition it

Summary measures approach

Starts by using the wrong
variance but then inflates it 
empirically so that the total 
matches what the other two 
methods would show

Random effects meta-analysis
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Summary measures v mixed model

• The summary measures approach is a simple valid analysis if you wish 
to test the null hypothesis that the treatment effect is zero

• It assesses the total contribution of the various variance terms 
directly

• This is fine and indeed robust for various purposes
• However, for others we need to separate the variance components
• This is what the mixed model approach allows
• We now show what use can be made of the variance components
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Empirical Bayes
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Suppose we have carried out a long series of n of 1 trials and have succeeded in estimating
1) The average treatment effect , Τ
2) The variance of true effect from patient to patient (this is what we have called 𝜓ଶ in our model)

We now encounter a new patient. Using the information we have already, we can predict that the treatment 
effect for this patient will be Τ. However our uncertainty as regards this prediction is expressed by the variance 
𝜓ଶ . 

Now, however, we measure this patient in k cycles and estimate a treatment effect, 𝜏̂ using only that patient’s 
data. This treatment effects will have variance 2𝜎ଶ 𝑘⁄ .

We can now use the overall estimate we have previously obtained as the basis for a prior distribution for the 
current estimate. This is the so-called empirical Bayes approach

We now proceed to look at the consequence of this in more detail

23
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The weighting formula
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We call the reciprocal of the variance the precision. 
We have two independent estimates that we will refer to as the prior mean and the data mean
Their precisions will be referred to as the prior precision and the data precision
We now proceed to calculate a posterior mean and its posterior precision as follows

Posterior precision = prior precision + data precision

Posterior mean = (prior precision x prior mean) + (data precision x data mean)
posterior precision

Note that the posterior variance is the reciprocal of the posterior precision
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NotesVariance formula
Standard fixed effects meta-analysis variance. Can be 

used for significance based on t-test with 𝒏 𝒌 − 𝟏

DF

2𝜎ଶ

𝑛𝑘

This is the variance of the shrinkage estimator for a 

given patient based on multiplying the overall mean 

by 𝟐𝝈𝟐

𝒌𝝍𝟐 ା𝟐𝝈𝟐 and the patient’s mean by 𝒌𝝍𝟐

𝒌𝝍𝟐 ା𝟐𝝈𝟐 and 

adding the results together

𝟐𝝈𝟐 𝒏𝒌𝝍𝟐 + 𝟐𝝈𝟐

𝒏𝒌 𝒌𝝍𝟐 + 𝟐𝝈𝟐

This is the random effects variance estimator for the 

overall mean
𝜓ଶ + 2𝜎ଶ 𝑘⁄

𝑛

This is the variance of the shrinkage estimator for a 

future patient on the assumption that the 

necessary parameters have been well estimated. It 

is the asymptotic version of the second formula 

above as 𝒏 → ∞

2𝜎ଶ𝜓ଶ

𝑘𝜓ଶ + 2𝜎ଶ
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#Meta-analysis of n of 1 trials

#Set meta-analysis method for metafor
MAMethod<-"REML" #REML
#MAMethod<-"DL"  #DerSimonian and Laird
#MAMethod<-"ML" #Maximum likelihood
#MAMethod<-"EB"  #Empirical Bayes

#remember to load meta, metafor and rmeta
library(meta)
library(metafor)
library(rmeta)

> #Enter estimates for balanced case
> Patient<-c(1:12)
> Estimates1<-c(223.7, 
84.7,60.0,348.0,259.3,50.0,175.0,153.7,324.3,247.7,
214.3,124.0)
> SE1<-c(rep(88.85,12))
> Balanced<-data.frame(Patient,Estimates1,SE1)
> #Print out data for balanced case
> Balanced 

Patient Estimates1   SE1
1        1         223.7       88.85
2        2           84.7       88.85
3        3           60.0       88.85
4        4         348.0       88.85
5        5         259.3       88.85
6        6           50.0       88.85
7        7         175.0       88.85
8        8         153.7       88.85
9        9         324.3       88.85
10      10      247.7        88.85
11      11      214.3        88.85
12      12      124.0        88.85
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> #Carry out meta-analysis using the metafor package
> Results_b2<-rma(yi=Estimates1,sei=SE1,method=MAMethod)
> Results_b2

Random-Effects Model (k = 12; tau^2 estimator: REML)

tau^2 (estimated amount of total heterogeneity): 1771.6523 (SE = 4121.5855)
tau (square root of estimated tau^2 value):      42.0910
I^2 (total heterogeneity / total variability):   18.33%
H^2 (total variability / sampling variability):  1.22

Test for Heterogeneity: 
Q(df = 11) = 13.4686, p-val = 0.2638

Model Results:

estimate       se    zval pval ci.lb     ci.ub
188.7250  28.3813  6.6496  <.0001  133.0987  244.3513  ***

---
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> #Calculate shrunk estimates and standard errors
> ShrunkEst1<-round(blup(Results_b2)$pred,digits=1)
> ShrunkSE1<-round(blup(Results_b2)$se,digits=1)
> 
> #Print shrunk estimates
> Balanced2<-data.frame(Balanced,ShrunkEst1,ShrunkSE1)
> Balanced2

Patient Estimates1   SE1     ShrunkEst1 ShrunkSE1
1        1      223.7           88.85      195.1         44.5
2        2        84.7           88.85      169.7         44.5
3        3        60.0           88.85      165.1         44.5
4        4      348.0           88.85      217.9         44.5
5        5      259.3           88.85      201.7         44.5
6        6         50.0          88.85      163.3         44.5
7        7      175.0           88.85      186.2         44.5
8        8      153.7           88.85      182.3         44.5
9        9      324.3           88.85      213.6         44.5
10      10    247.7           88.85      199.5         44.5
11      11    214.3           88.85      193.4         44.5
12      12    124.0           88.85      176.9         44.5
> 
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Unbalanced case

• So far we have assumed that we have the same number of cycles per 
patient

• This may not be the case
• Previous example will be modified to have some imbalance

• First two cycles only for patient 11
• First cycle only for patient 12

• This leads to some complications but also means that some 
approaches that were previously equivalent no longer are so

• The mixed model approach is slightly more efficient than the 
summary measures approach because the latter will weight patients 
equally but they are not measured with equal precision
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Data for unbalanced case

Per patient estimate Standard error
223.7 91.1
84.7 91.1
60.0 91.1
348.0 91.1
259.3 91.1
50.0 91.1
175.0 91.1
153.7 91.1
324.3 91.1
247.7 91.1
254.5 111.6
132.0 157.8
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Mixed models on within-cycle differences
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Table of effects for Constant

194.5    Standard error: 30.35 

Estimated variance components

Random term component s.e.
Patient 2199. 5184.

Residual variance model

Term Model(order) Parameter Estimate s.e.
Residual       Identity Sigma2 24100. 7305.

GenStat®
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Shrunk estimates

Patient Estimate Standard Error
1 200.8 47.90
2 170.9 47.90
3 165.6 47.90
4 227.5 47.90
5 208.4 47.90
6 163.4 47.90
7 190.3 47.90
8 185.7 47.90
9 222.4 47.90
10 205.9 47.90
11 203.8 50.19
12 189.3 52.81

39

40



02/05/2023

21

Various analyses in R

(C)Stephen Senn 2022-2023 41

> #Summary measures approach
> #Perform one-sample t-test
> fit5<-t.test(FEV1.Patient)
> fit5 #Compare to mixed model

One Sample t-test

data:  FEV1.Patient
t = 6.7117, df = 11, p-value = 3.323e-05
alternative hypothesis: true mean is not equal to 0
95 percent confidence interval:
129.5321 255.9401

sample estimates:
mean of x 
192.7361 

> #Mixed models using differences
> fit6<-lmer(FEV1diff~(1|Patient.A))
> summary6<-summary(fit6)
> summary6$coefficients[1,] #compare to summary measures and fit4

Estimate Std. Error    t value 
194.509223  30.352297   6.408386 
>

> #Mixed models using original data
> #load library lme4
> library(lme4)
> fit4<-
>lmer(FEV1~Treat.F+Patient.F/Cycle.F+(1|Treat.F:Patient.F))
> summary4<-summary(fit4)
> summary4$coefficients[2,]

Estimate Std. Error    t value 
194.50923   30.35214    6.40842 

> 

Calculation of estimates and standard errors in R
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#Calculate some simple statistics for use in subsequent analyses
#Calculate mean differences B-A per patient using the previously calculated
#differences per cycle
FEV1.Patient<-tapply(FEV1diff,Patient.A,mean)#note use of tapply function
#Calculate standard errors per patient to use for further calculations
Var.Patient<-tapply(FEV1diff,Patient.A,var)#note use of tapply function
n.Patient<-tapply(FEV1diff,Patient.A,length)#note use of tapply function
Var.Patient[is.na(Var.Patient)] <- 0 #replacing NA by 0
Pooled<-sum(Var.Patient*(n.Patient-1))/sum(n.Patient-1)#Pooled per cycle variance estimate
SE.Patient<-sqrt(Pooled/n.Patient)#Standard error per patients
Patient<-(subset(Reduced, (Cycle.F==1)&(Treat.F=='A')))$Patient
Meta.frame<-data.frame(Patient,FEV1.Patient,SE.Patient)#Data frame for meta-analysis
Meta.frame
#_____________________________________________________________________________

41
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> #Carry out meta-analysis using the meta package
> Results_u1<-metagen(TE=Estimates2,seTE=SE2,studlab=Patient)
> Results_u1

95%-CI                      %W(fixed) %W(random)
1  223.6667 [  45.1310; 402.2024]                 9.1                 9.0
10 247.6667 [  69.1310; 426.2024]                9.1                 9.0
……………………………………………………………………………..
11 254.5000 [  35.8393; 473.1607]                 6.1                6.3
12 132.0000 [-177.2329; 441.2329]                3.0                3.3

Number of studies combined: k = 12

95%-CI    z  p-value
Fixed effect model   194.5455 [140.7149; 248.3760] 7.08 < 0.0001
Random effects model 194.5279 [136.5860; 252.4698] 6.58 < 0.0001

Quantifying heterogeneity:
tau^2 = 1375.3760; H = 1.07 [1.00; 1.46]; I^2 = 13.1% [0.0%; 53.0%]

Test of heterogeneity:
Q d.f. p-value

12.66   11  0.3158

> Meta.frame<-data.frame(Patient,FEV1.Patient,SE.Patient)
> Meta.frame

Patient     FEV1.Patient   SE.Patient
1        1            223.66667   91.09131
2        2              84.66667   91.09131
3        3              60.00000   91.09131
4        4             348.00000   91.09131
5        5             259.33333   91.09131
6        6               50.00000   91.09131
7        7             175.00000   91.09131
8        8             153.66667   91.09131
9        9             324.33333   91.09131
10      10           247.66667   91.09131
11      11           254.50000  111.56362
12      12           132.00000  157.77478

Output
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NotesVariance formula
Standard fixed effects meta-analysis variance. Can be used for

significance based on t-test with ∑ 𝒌𝒊
𝒏
𝒊ୀ𝟏 − 𝒏 DF

2𝜎ଶ

∑ 𝑘௜
௡
௜ୀଵ

This is the variance of the shrinkage estimator for a given patient

based on multiplying the overall mean by 𝟐𝝈𝟐

𝒌𝒊𝝍𝟐 ା𝟐𝝈𝟐 and the

patient’s mean by 𝒌𝒊𝝍𝟐

𝒌𝒊𝝍𝟐 ା𝟐𝝈𝟐 and adding the results together

𝟐𝝍𝟐𝝈𝟐

𝒌𝒊𝝍
𝟐 + 𝟐𝝈𝟐 +

𝟐𝝈𝟐

𝒌𝒊𝝍
𝟐 + 𝟐𝝈𝟐

𝟐

∑
𝒌𝒊

𝒌𝒊𝝍
𝟐 + 𝟐𝝈𝟐

𝒏
𝒊ୀ𝟏

This is the random effects variance estimator for the overall mean
𝟏

∑
𝟏

𝝍𝟐 +
𝟐𝝈𝟐

𝒌𝒊

𝒏
𝒊ୀ𝟏

This is the variance of the shrinkage estimator for a future patient

on the assumption that the necessary parameters have been

well estimated. It is the asymptotic version of the 2nd formula

abve as 𝒏 → ∞

2𝜎ଶ𝜓ଶ

𝑘௜𝜓ଶ + 2𝜎ଶ

Conclusions

• With the help of mixed models and empirical Bayes, then shrinkage 
approaches can produce better estimates

• However modelling all this correctly can be tricky and having 
alternative approaches and even alternative software to check can be 
helpful
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